In this paper, we consider a discrete population model and obtain a couple of criteria to guarantee our model being stable, including the global attractor, the extreme stability, and the periodicity.
INTRODUCTION
This paper is devoted to consider the stable behavior for a discrete population model with survival rate given by (1.1)
where Z C is the set of nonnegative integers, .t / 2 .0; 1/ is the survival rate for each t 2 Z C , .t / 2 Z C denotes the delay in t, and r.t / and k.t / stand respectively, for the intrinsic growth rate and the carrying capacity of the habitat. The motivation of our considerations stems from the papers [2, 3, 5, 6, 8] . Concretely speaking, Diagana in [2] studied the periodic problem of population models of the form
where Z is the set of integers. Hamaya considered the almost periodic solutions in [3] for the discrete Ricker delay model and in [6] , the authors investigated the extreme stability of the following discrete logistic equation
We observe that the stability is of vital importance when considering the periodicity of a model, see, for example, [3, 6, 9] . In this paper, we will concentrate our attention on the stability of (1.1), including the global attractor, the extremely stability and the periodicity.
In what follows, we always assume that (H1) there exist 0 and 1 in .0; 1/, and an integer 0 > 0 such that as well as
where r 0 k 0 r 1 is the fixed point of L.x/. See the following diagram when allowing ı D 1 and .1 1 / 1 D 1:
Let DOE 0 ; 0 be the set of all discrete functions ' W f 0 ; 0 C 1; :::; 0g ! R with the norm j'j D max 0 Ät Ä0 j'.t /j. For a given ' 2 DOE 0 ; 0, from (1.1) we can get a unique sequence fx.t /g t 0 satisfying x.t / D '.t / for t D 0 ; 0 C 1; :::; 0. This sequence is called a solution of (1.1), and sometimes we denote this solution by fx.tI '/g t 0 . To continue our discussions in the sequel, we require some notions as follows.
The set S R is said to be a global attractor of (1.1) if for any " > 0 and positive function ' 2 DOE 0 ; 0, there exists an integer N."; '/ > 0 such that the solution fx.tI '/g t 0 of (1.1) satisfies min s2S jx.t I '/ sj < " for all t N."; '/:
). We say (1.1) to be extremely stable provided any two positive solutions fx.t /g t 0 and fy.t /g t 0 of (1.1) satisfy lim
where fp.t /g t 0 is a -periodic sequence, and q.t / ! 0 as t ! 1.
STABILITY OF (1.1)
In this section we study the stability of (1.1). For this end, we first note that any solution fx.tI '/g t 0 of (1.1) verifies that
.v/ D .0/ .1/ : : : .t 1/; and x. .v// expresses the term x. .v/I '/.
Since (1.1) denotes a realistic model of populations, we only consider the positive initial values ' 2 DOE 0 ; 0. Then, from (2.1) it follows that the solution fx.t I '/g t 0 of (1.1) is positive.
In addition, in view of the assumption (H2), we have
for v 2 Z C and u 0;
which results in
Now, for the positive initial value ' 2 DOE 0 ; 0, in combination with the assumption (H1), we have from (2.1) and (2.3) that
Hence, for j'j 2 .0; ıM.1 1 / 1 with ı 1, coupled with (2.4), it holds that
On the other hand, by the assumptions (H3)-(H4) and the left inequality in (2.2) we have
where the constant defined as in (H4). Consequently, similar to (2.4) it follows from (2.1) and (2.6) that when j'j 2 OE .
Summarizing (2.5) and (2.7) we obtain the following result:
Under the assumptions (H1)-H(4), the set OE .1 0 / 1 ; ıM.1 1 / 1 is invariant relative to (1.1), here ı 1, and is defined as in (H4).
Let e m D minfm; r 0 k 0 r 1 g. Note that in Theorem 1, D e m as ı D 1. Note further that, since 0 and 1 2 .0; 1/, for any given " > 0 and positive function ' 2 DOE 0 ; 0, there exists an N."; '/ > 0 for which it follows that Next we continue to employ e m D minfm; r 0 k 0 r 1 g and consider the extreme stability with respect to (1.1). To do this, we first show the following conclusion.
Lemma 1. Suppose that fx.tI '/g t 0 (fx.t /g for short) is a solution of (1.1) and e m k 1 .1 0 / > 1:
Then, under the assumptions (H1)-(H3), it follows that
Proof. We proceed in steps. Assertion 1:
Indeed, for a given solution fx.tI '/g t 0 of (1.1), Theorem 2 indicates that for any given " > 0, there exits an N D N."; '/ such that
(2.10)
Hence, from (2.10) we have for t N ,
Since " ia arbitrary, with the aid of (2.11)-(2.12), we see that our statement is true. Assertion 2:
Indeed, by (2.8) and the left inequality in (2.10), we can derive
which lead to the result
This implies the assertion 2 is valid. In summary, the conclusion (2.9) is effective. The proof is complete.
We now consider the extreme stability of (1.1). r 0 e m k 1 .1 0 /ˇ;ˇ1
Then (1.1) is extremely stable under the assumptions (H1)-(H3).
Proof. By the condition (2.13), we can choose a real number f M so that
Let fx.t /g and fy.t /g be any two positvie solutions of (1.1). Then, both fx.t /g and fy.t /g verify (1.1). Thereby, it follows that for any integer N 0,
as well as
Hence, it holds that
which derives
where . .v// is between x. .v// and y. .v//. Hence, Lemma 1 implies that there exists an N for whicȟ
Note that Theorem 1-2 imply that fx.t / y.t /g is bounded. Thus, we can set
Consequently, for any " > 0, there exists an N 1 D N 1 ."/ large enough such that
For convenience, we deem that (2.16)-(2.17) hold whenever t N 1 . Then, by invoking (2.15)-(2.17) we have
Now we impose (2.14) on the inequality above and then obtain w D 0. This shows that lim t!1 jx.t / y.t /j D 0. The proof is complete.
Next we give an example to illustrate our results above. i is a global attractor of (2.18), and Theorem 3 shows that (2.18) is extremely stable. The following diagram supports partly our inferences. This section is devoted to consider the existence of periodic solutions of (1.1). For this purpose, we consider the Banach space
equipped with the norm defined by jjxjj D sup t 0 jx.t /j. Let e m D min m; r 0 k 0 r 1 and the set S l 1 be defined by
The following result is similar to Lemma 1, and since the proof is analogous, we neglect it. Then, under the assumptions (H1)-(H2), it follows thať
We now establish a criterion to guarantee the existence of periodic solutions of (1.1). As we shall see below, our work is due to the celebrated Krasnoselskii fixedpoint theorem: 4] ). Let S be a closed, convex, and bounded subset of a Banach space X and T; U W S ! X be two operators such that (i) T is a contraction; (ii) U is completely continuous, and (iii) T x C Uy 2 S for all x; y 2 S. Then T C U has a fixed point in S. and max ˇ1 r 0 e m k 1 .1 0 /ˇ;ˇ1
Then the following is true: (S1). equation (1.1) admits an unique -periodic solution; (S2). any solution of (1.1) is asymptotically -periodic.
Proof. To prove the first statement (S1), we introduce a subset l 1 ap l 1 defined by l 1 ap WD fx 2 l 1 W x is asymptotically -periodic g: Then l 1 ap becomes a Banach space according to the norm jj jj of l 1 . Let
It is clear that S ap is bounded, convex and closed. Now we define two operators T; U W S ap ! l 1 ap as follows:
.T where the relation e m. Next we proceed in several steps. (i) Assertion 1: if fx.t /g is asymptotically -periodic, then ff .t; x. .t ///g is also too.
Indeed, since fx.t /g is asymptotically -periodic, we have the following decomposition
x.t / D p. 
